BUBBLING ANALYSIS OF BIMERON CONFIGURATIONS

GLAL BACHO AND CHRISTOF MELCHER

ABSTRACT. Chiral symmetry breaking in magnetic thin films stabilizes new
families of topological solitons that are absent in conventional anisotropic ferro-
magnets. Beyond the classical chiral skyrmion, which arises in uniaxial systems
through the Dzyaloshinskii-Moriya interaction, dipolar configurations known
as chiral bimerons emerge in easy-plane situations. On compact domains, these
solitonic states appear as localized concentrations of energy embedded in an
easy-plane background. The analysis, inspired by the Sacks—Uhlenbeck theory
for approximate harmonic maps, combines blow-up methods with quantita-
tive rigidity for the Moébius group to describe the structure, scaling behaviour,
and asymptotic limits of such magnetic solitons in both the conformal and
large-domain regimes.

1. INTRODUCTION

Topological solitons in two-dimensional field theories arise as finite-energy critical
points of variational functionals whose configuration spaces possess nontrivial ho-
motopy structure. A standard example is provided by the O(3) sigma model, where
one studies maps from R? to S?, the unit sphere in R3, minimizing the Dirichlet
energy subject to a topological constraint. For smooth configurations approaching
a constant value at infinity sufficiently fast, this constraint can be formulated in
terms of an integer-valued integral of the Jacobian, called the topological charge or
degree (cf. ) Mathematically, these finite-energy critical points correspond to
harmonic maps from S? & CU{oo} to S? of a given degree. The energy-minimizing
harmonic maps in each homotopy class are the holomorphic (or antiholomorphic)
ones, and they form a smooth finite-dimensional moduli space of rational functions
of the corresponding algebraic degree, which parameterizes the soliton positions,
sizes, and orientations.

Solitons of unit topological charge are commonly referred to as skyrmions, named
after T.H. R. Skyrme, who introduced a sigma-type model from R? to SU(2) = S?
with stabilizing higher-order interaction terms (the nuclear Skyrme model) as a
nonlinear field theory admitting topological soliton solutions, see [52]. Confirming
the existence of nuclear skyrmions occurring as energy minimizers in non-trivial
homotopy classes by means of the direct method of the calculus of variations is a
prominent instance for the concentration-compactness principle, see, e.g., [12], 39
40).

Fractional topological charges can also appear. The term meron (from the Greek
meros Yépoc, “part”) denotes a field configuration carrying half the topological
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charge of a skyrmion. Merons were first introduced in Yang-Mills theory as half-
instanton solutions with fractional topological charge [I], see [I4] for a more rigorous
treatment. These ideas were subsequently adapted to two-dimensional O(3) sigma
models and magnetic systems, see [I8]. On the other hand, such configurations
naturally arise, for example, in the setting of harmonic maps from the unit disk
D C R? to the sphere S?, when one prescribes boundary data that trace the equator
of S? exactly once and that select either the upper or lower hemisphere as target.
The resulting map covers only half of S?, and in this precise sense it represents a
half-skyrmion or meron configuration. Uniqueness in each polarity class (upper or
lower hemisphere) is an instance of the seminal work by Jéger and Kaul [27] [28].

More generally, for such maps m = (my,ma,m3) : D — S?, a well-studied class
of variational problems motivated by thin-film micromagnetics is concerned with
Ginzburg-Landau type energies

(1) Eo.(m) = %/D|Vm|2 + (%)2 dz

and minimizers subject to certain Dirichlet boundary conditions in the form of
equator maps. Depending on the winding number of the boundary maps, the
system develops magnetic vortices (which we may alternatively call merons) that
asymptotically (¢ < 1) interact according to a renormalized Coulomb-type energy,
as in the C-valued case introduced in [5]. The static case has been examined
n [22], and the dynamics in [32, B3]. A somewhat degenerate situation occurs
for constant boundary data: no non-trivial equilibria exist beyond the constant
absolute minimizer. For finite £ > 0, this follows from the Pohozaev identity

o) /(m)zdw/(WWZ(m)?)ds.

D\ E 2 Js \| OT v €
Under constant boundary conditions in S x {0}, the boundary integral on the right-
hand side is non-positive, hence ms = 0 in . Thus m is an S'-valued harmonic
map. Lifting to a harmonic phase and applying the maximum principle yields that
the phase is constant, and therefore m is constant. In the limiting case € = oo, the

problem reduces to harmonic maps into S2. A conformality argument shows that
any finite-energy solution is constant (see, e.g., [35] [6], 23]).

Dzyaloshinskii—Moriya interaction. A recent approach to stabilizing nontrivial mag-
netic equilibria introduces symmetry-breaking interaction terms that are linear
combinations of the so-called Lifshitz invariants,

m;Vmyg — miVmy,

which arise in models of nematic liquid crystals and various spin—orbit-coupled
condensed-matter systems. In chiral magnets, these invariants represent the anti-
symmetric exchange known as the Dzyaloshinskii—Moriya interaction (DMI). Hav-
ing the structure of a differential one-form coupling, the DMI is inherently sensi-
tive to orientation: it breaks independent rotational symmetries in both domain
and target, favors modulated spin textures, and lowers the total energy by select-
ing a preferred sense of rotation, or chirality, of the magnetization field. Writing
m = (m,mg), a specific form of DMI relevant for magnetic thin films is given by

(3) epmi(m) = %(mg(v -m) — (m - V)mg).
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Since

epmi(m) = (V-m)ms — 3V - (mms),
the divergence term in can typically be discarded under suitable boundary
conditions such as m = 0, m3 = 0, or periodicity. The remaining term energetically
favors, in an axisymmetric setting, hedgehog or anti-hedgehog configurations of
m depending on the sign of mg3. Another important variant, occurring in cubic
helimagnets and cholesteric liquid crystals, is the helicity form

(4) eDMI(m) =m - (V X m)7

which promotes whirling spin structures and spiralization. It agrees with the well-
known helicity functional, which plays a significant role in various branches of
mathematical physics, particularly in topological fluid dynamics. Perturbing the
harmonic map problem by helicity yields an optimality condition of Beltrami type,
V xm+m = 0, whose unimodular solutions correspond to one-dimensional helical
states (see [43] and references therein). Finally, DMI-type interactions can also
emerge geometrically as curvature-induced effects, revealed naturally through Car-
tan’s moving frame calculus [44]. In particular, curvature-driven DMI on spherical
surfaces with normal anisotropy gives rise to novel saddle-point configurations [20],
which can be interpreted as precursors of chiral skyrmions discussed in the following
paragraph.

Chiral skyrmions. When sufficiently strong uniaxial anisotropy or Zeeman coupling
is present, thereby defining a vacuum state at infinity, the DMI contribution is
balanced by the Dirichlet energy, ensuring positivity of the total energy. In this
ferromagnetic regime, isolated chiral skyrmions arise as local energy minimizers of
topological degree +1, depending on the orientation near infinity. The key element
of the stabilization mechanism, and the foundation of the existence theory, is that
DMI lowers the skyrmion energy strictly below the critical threshold 47, the en-
ergy of a unit-degree harmonic bubble. This enables a variational existence proof
in the spirit of Brezis and Coron [6], first established in [43] (see also [26] for the
possible stabilization of anti-skyrmions). Rotational invariance of the functional
about the anisotropy axis suggests that minimizing skyrmions should retain ax-
isymmetry, a question that remains among the most prominent open problems in
the field. Spectral stability and local minimality of axisymmetric skyrmions within
the symmetry-breaking energy space were established in [36, 21I]. The conformal
limit in the regime of small DMI, introduced in [II], provides a systematic frame-
work for extracting universal information about the structure and energetics of
chiral skyrmions in the regime of vanishing core size, where the conformal Dirichlet
interaction dominates. In this limit, a symmetric harmonic bubble of degree +1
arises that represents the skyrmion core. A central advance in this context is the
quantitative rigidity result for unit-degree harmonic maps (cf. (@ below) obtained
by Bernand-Mantel, Muratov, and Simon in [4], which yields the requisite I" equiv-
alence; that is, matching upper bounds and ansatz-free lower bounds for the energy
asymptotics. This characterization identifies both the universal limiting profile and
the asymptotic scaling of the energy and skyrmion core (or radius), as established
for axisymmetric chiral skyrmions in [30} [21]. Finally, the Dirichlet problem for chi-
ral skyrmions under confinement is examined in [45], where skyrmions are shown
to concentrate as point-like states, and their positions and sizes are determined by
a boundary-repelling renormalized energy.
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Chiral Bimerons. Consider a disk-shaped chiral easy-plane ferromagnet governed
by the energy functional (writing m = (m, ms))

- \Vm\Z ms 1 ms 2
(5) Brolm) = [ SR 40T m) 2+ 5 ()

which extends by inclusion of a properly scaled DMI term 2(V - m)ms of the

€
form . The imposition of a constant in-plane Dirichlet boundary condition

(6) m = (c,0) €S" x {0} on S

necessarily breaks the rotational symmetry of the variational problem. This sym-
metry breaking gives rise to configurations consisting of a bound pair of merons with
opposite in-plane winding and opposite polarity, commonly referred to as (chiral)
bimerons see, e.g., [2, [13] [15] 16, [4T].

In the vortex language, a bimeron represents a dipolar structure, that is, a
vortex—antivortex pair which does not occur in the unperturbed model without
DMI. Topologically, a bimeron carries the same skyrmion number as a conventional
skyrmion; the distinction lies in the geometric arrangement of the magnetization
rather than in its topological charge. In contrast, however, the invariance of
under the transformation m(z) — (m, —mgs)(—x) implies that, for the same bound-
ary condition @, bimeron configurations of the same energy but opposite degree
replicate. When considered on a flat torus T2, such configurations correspond to
meron lattices as encountered in [37] through symmetry-breaking bifurcation meth-
ods applied to a chiral Ginzburg-Landau model, thereby connecting with physical
observations reported in [54].

The existence of degree +1 local minimizers for can be studied in a frame-
work analogous to the skyrmion case analyzed in [43], relying on a concentration—
compactness argument and the subcritical energy bound inf E . < 47 in topologi-
cal sectors of degree 1. For chiral bimerons on R?, a new difficulty arises from the
interplay between DMI and easy-plane anisotropy when attempting to rule out van-
ishing. This challenge was elegantly addressed in the recent work of Deng, Ignat,
and Lamy [9] (focusing on helicity-type DMI )7 who adapted the approach of [4].
Their method leverages quantitative rigidity results for the Mébius group, showing
that any finite-energy map m : R? — S? of unit degree is, in a precise functional
sense, close to a Mobius map W after stereographic projection. The rigidity result
of [4] (see also [25 [(3]) takes the form
(7) IV(m - ) dz < 1/ IVm/|2 dz — 4r.

RQ 2 R2
By adapting this result to the easy-plane setting and employing optimal Mobius
maps, they derived sharp lower bounds, controlled the scale of minimizers in the
small-DMI regime, and rigorously described the convergence of energy-minimizing
bimerons to conformal maps as the DMI parameter tends to zero.

Here we examine chiral bimeron configurations on compact domains, specifically
on the unit disk I with Dirichlet boundary conditions @, and on the flat torus
T2. In Section [2| we present the corresponding lower and upper energy bounds,
based on constructing suitable trial fields on the disk to ensure the compactness
of minimizing sequences. After stereographic projection, the construction employs
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the bimeron prototype

z—a
8 zZ)=c , acRT,

(®) fe) =et

which carries a vortex at z = a and an antivortex at z = —a, and is smoothly cut off

in an annular region. These constructions provide configurations with sufficiently

small energy to guarantee the compactness of minimizing sequences. Consequently,

we obtain the existence result (Theorem [1) also valid in the periodic case.

In Section[3] we present an approach to the conformal limit, embedding it into the
framework of bubbling for approximate harmonic maps as developed in [10}, [46] [38]
and extended to include Dirichlet boundaries in [29]. The blow-up procedure fits
naturally within this framework for maps with L?-bounded tension fields, where
no-neck results—both for energy and oscillation—remain valid even under Dirichlet
boundary conditions. The decay of neck energy ensures compactness and controls
concentration, providing a natural setting for the analysis of parameter-dependent
regimes. Theorem [2]shows that bimerons in easy-plane chiral films are stabilized by
the Dzyaloshinskii-Moriya interaction: they exist for every fixed 0 < |A| < 1, and, in
the weak-chirality limit A — 0, their cores converge (after rescaling) to a harmonic
profile which, after translation and rotation, is stereographically represented by .

In Section [4] we introduce and analyze an auxiliary problem arising as an effective
easy-plane limit of as € = 0. Suppressing the out-of-plane component leads to
the anisotropic harmonic map functional

1
Ex(m) = 3 /T |Vm|? — A2(V -m)?da,

for maps m : T? — S'. Comparable energies, obtained by relaxing the S' constraint
via a Chern-Simons-Higgs potential, arise in models of nematic—isotropic transitions
with highly disparate elastic constants; see [I7]. Critical points satisfy a quasilinear
perturbation of the classical harmonic map equation Am + |Vm|?m = 0. For
0 < |A] < 1, the system remains uniformly elliptic, although the ellipticity constants
and the structure of the principal part depend on the direction of m, and the
additional term involves the tangential projection of V(V - m) onto T,,S'. In
the critical case A2 = 1, however, the energy supports singular vortex structures.
Combining a Pohozaev-type identity with a Sacks—Uhlenbeck perturbation scheme,
adapted to the anisotropic setting, yields the energy gap stated in Theorem 3] which
plays a central role in the large-domain analysis.

In Section [5] we finally consider the large-domain limit ¢ — 0 of unit-degree
minimizers of on the torus, obtained in Theorem [1| for fixed DMI coupling
0 < |A] < A\p < 1, thereby producing bimeron configurations on R? (Theorem [4)).
The energy gap established in Theorem [3| constrains the behavior of minimizers
away from the skyrmion core, ensuring that the far field relaxes to a uniformly
easy-plane state and that all nontrivial topology remains confined to a localized
core region. Uniform e-independent regularity bounds are obtained via higher-order
energy estimates combined with a variant of Schoen’s trick. The intrinsic core scale
Ry of a minimizer m, . satisfies the asymptotic relation Ry . ~ €. Crucially, as
a consequence of quantitative rigidity, the neck energy between the core and the
far field decays, providing a robust alternative to the concentration-compactness
principle.
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2. ENERGY BOUNDS AND EXISTENCE

Crucial ingredients for compactness of minimizing sequences and existence re-
sults are energy bounds from below and above. A starting point is the classical
topological lower bound

1
9) 5/ |Vm|*dz > 4r|degm)|
D

for finite-energy maps m : D — S? with boundary values @, see e.g. [6]. For such
maps, the Brouwer degree is well-defined and given by

(10) degm = = / m - (Oym x dym) dz.
47 D

Hence the configuration space
H!(D;S?) = {m € H'(D;S?) : m — c € Hy(D; R?)}
decomposes into closed topological sectors labeled by degm € Z. Taking into
account the estimate
m3
22’

one easily deduces the following lower bounds for the full energy E = E, . (cf. (f))
with 0 < || < 1 and m € H}(D;S?):

(12) pm) = P [ (19mp 2 as

and

)\2
(11) A(V-m) %\ < S IVmf+

1— 2
E(m) > A /|Vm|2da?.
2 b

In particular, the topological lower bound @D implies
(13) E(m) > 47(1 — \?)|degm|.

Exact topological lower bounds of the form E(m) > 4x | deg m| can be obtained
in models for chiral skyrmions, where the easy-plane anisotropy is replaced by an
easy-axis term or combined with a Zeeman interaction. Such bounds arise naturally
in gauge-field inspired formulations that lead to classes of exactly solvable models,
see e.g. [o1l [43] 1T}, [3].

We are interested in the variational problem for E = FE) . (cf. )
(14) 1= inf{E(m) m € H'(D;S?), mls: = (c,0) € S! x {0}, degm = —1}
obtaining the following upper bounds:
Proposition 1. Let g > 0. For all A > 0 there exists ¢(A) > 0 such that
I <4r(1—-c(N)
for all € € (0,e0) and

)\2
8|In A

c(A) > (I4+0(1)) as A—0.
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The crucial feature of the chiral interaction is that it can push the minimal
energies in the non-trivial homotopy class below the critical threshold of 47. This
is sufficient to deduce the existence of local energy minimizers via the concentration-
compactness principle.

Theorem 1. For all ¢ > 0 and 0 < |A| < 1 the infimum of E) ((m) in the class of
finite energy fields m : D — S? with Dirichlet boundary condition

m|s: = (c,0) € S' x {0}
and degm = %1 is attained by smooth fields m with Ej .(m) < 4.

Adapting the strategy from [4], sharp lower bounds, which significantly improve
upon (13, were obtained in [9]. In combination with the corresponding upper
bounds, these results provide the correct energy asymptotics in the conformal limit
A — 0 in the full-space situation, first obtained in the context of chiral skyrmions
in [30, 3T, @, 21).

2.1. Upper bound construction. We shall focus on the case degm = —1. Lift-
ing m = ®(u) via the stereographic map

(15) ¢ :R? - 2, @(y):< 2y 'y|2_1),

P+ 17 Jy*+1
to a field u : U — R? on an open set U C R? where m avoids the north pole
és = (0,0, 1), a straightforward computation, carried out in Appendix yields the
pulled-back energy density
Vul? AV 1 212 A
=g VU gAY 1 (WPt A v
(luP+1)2 e (uP+1)2 222 (juP+1)2 ¢ |uP+1

Discarding the divergence term gives the reduced energy density

|Vu|? A Ve 1 (Ju|> — 1)2
(lul+1)2 " e (JuP+1)* 222 (jul? +1)*

(16) e(u) =2

Note that formula is to be applied on D \ m~1({é3}), since |u| — oo as
m — &;. In our setting, there is only one point in m~1({é3}). The energy density
behaves particularly well when the complex field u; + dus is holomorphic, which
greatly simplifies subsequent computations. Indeed, setting f = w1 +ius and using
the Cauchy—Riemann equations, we have

[ = 01uy + 10 us = Oaug — 1.
Hence with V+ = (—0a,01)
2|/f'? =|Vul>, and f' = %(V'quiVJﬂ u)
Lemma 1. For f = u; + ius holomorphic, takes the form

G2 e, f'(2) 1 (f)P -1
(If )P+ 1) 4€R<ﬂﬂ@2+1ﬁ>+2¥0ﬂ@P+UT

We will henceforth write e(f) for the right-hand side of the above identity.

e(u) =4
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Bimeron ansatz. Consider the meromorphic ansatz with vortices centered on
the real axis and midpoint at the origin, which corresponds to a vortex located at
(a,0) and an antivortex at (—a,0) for some a > 0; see, for instance, [2, [I8]. This
ansatz does not satisfy the prescribed boundary condition and therefore requires a
cut-off modification, as described in Section On the disk Dr C D with radius
R > 0, the energy is evaluated as a function of the parameters a > 0 and R > 0.
For convenience, the constant c is set equal to 1.

Lemma 2. Let f(z) = 7. Then the energy on Dp is given by

Aa R? a® R? +a? R?
—an(1-29) B L0 () - :
/DRe(f)dz 7r( 25) R2+a2+ﬂaz(n a? R2+a2)

Proof. In order to apply Lemma [T} it is necessary to verify that the energy density

extends smoothly to C. Since f'(z) = (zii(?z)z’ it follows for z # —a that

/ 2 A / 1 2 _ 1 2
o
(f=)P+1) € (If)P+1) 2% ([f(2))>+1)
B a? ~,Aa (Re 2)? — (Im2)? + 2a Re z + a? 2;@2 (Re 2)?
EEETOE (& + a2 T (R
Hence, the energy density admits a smooth extension at z = —a. In polar coordi-
nates z = re*?, integration yields

R 3 /R 2 /R 3
rdr Aa rdr a rodr
/DR elf) de = 8ra /0 (r* +a?)? e o (r*+a?)? T o (r?+a?)?

Aa R? a? R? +a? R?
=4r(l—-—) —=—=———4+7—=(In — ,
2¢ | R2 + a2 g2 a? R2 + a?

which establishes the stated formula. O

Cut-off argument. To construct fg o satisfying the prescribed boundary behaviour,
the variable z is expressed through the inverse stereographic projection z = ®~1(®(z)),
followed by a cut-off modification analogous to that introduced in [I1].

Define a smooth function g : [0,00) — R such that

In(1+s?), s<2,
(17) g(s) =

const, s >4,
and

2s C

18 0<4g'(s) < 0<—¢"(s) <
(18) <Y S oog 05" 5
for all s > 2.

Using g, define the modified stereographic map @ : R — S? by

(2) = (5/(ol) 7 sen(lal = 1) VIT= g T]?)

It follows that d(z) = ®(z) for |z < 2 and ®(z) = &3 for |z| > 4. Conse-
quently, @~ 1o® approximates the identity and diverges as |z| /4. Recalling that
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Dy, y3) = 14, one obtains

B g9'(|z) z
- sgn(|z]2 — 1)/1— ¢/ (|z])2 lz|’

Introducing the radial function
g'(s)

r(s) = 1—sgn(s2—1)/1—g'(s)%

define its scaled version by rr(s) := Rr(s/R), where 0 < R < 3. The modified
ansatz is then given by

d o d(x)

rllz) g —
fRa(2) = ——7——
S (E
By construction,
z—a
fra(2) = f(z) = Tt a for |z| < R, fra=1 onC\ Dap,

and fg, is smooth on C\ {—a}. The associated fields ug , and mp, = ®(ur,q)
contribute to the energy only on Dar, with degmp , = —1. According to Lemma
and Holder’s inequality,

a?  a?

e(mp,,)de < C’( + ) .
/DzR\DR ‘ R &2
Combining this with Lemma [2] yields the upper bound
\a R? a® (. R?>+a? R? a®>  a?
1 (1 — — | =——— — 1 — — 4+ = .
(19) 7T< 25)R2+a2+ﬂ52<n ) R2+a2>+C(R2+52>

For 0 < € < g¢, define the rescaled map

€0
ms,R,a(x) = MR,a (;’JJ)

and fix R = 1/2. This reduces the estimate to the case € = ¢9. Then,

Aa 1 a? [ 1+ 4a? 1 1
I<4nr|l— — |— — (1 — Cl1+ = )a®
- W( 250>1+4a2 ers% <n 4a? 1+4a2> - ( +5%>a

1
<dm (1—2):)) +C’o<1+€%>(a—|—a|lna|)a

Hence, there exists 0 < a < ag(g9, A) such that
A €0
4Co(1 +€2)’
This proves the first statement of Proposition To capture the asymptotic be-
haviour, consider the parametrization

e _ A
g0 A’

a+allnal <

which is optimal for ¢y = % As A — 0, this leads to

\2 A2
< _ - -
EWW”“Q &MAmemM)

thereby establishing Proposition [I}
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Proof of Theorem[]l Fix eg > 0 and let 0 < £ < g9, 0 < |[A\] < 1. Assume A > 0;
otherwise the change of sign m = (m,m3) — m~ = (—m,m3) reduces the case
A < 0 to the same setting. Let (my)reny C H}(D;S?) denote a minimizing sequence
for E = E) . subject to the prescribed boundary and degree conditions. By ,
the sequence (my,) satisfies

my, —m weakly in H*(D;S?), my, — m  strongly in L?(ID;S?),

and my(r) — m(z) almost everywhere in . Consequently, [m| = 1, and the
Jacobians w(my) = my, - dymy, X damy, converge weakly-+ as measures on D.
Application of Theorem E.1 in [7] together with Lemma 4.3 in [42] yields the

existence of integers qi,...,qn € Z and points z1,...,zy € D such that
N N
Bre(m)+4r 3 ol <1, w(my) = w(m) + 3 quda,.
k=1 k=1

By Proposition [l|and the non-negativity of the energy E) ., see e.g. (13)), all topo-
logical charges vanish, ie. ¢ = ... = gv = 0. Hence w(my) — w(m), and
consequently degm = —1 and E) .(m) = I.

Local minimality implies that m satisfies weakly the Euler—Lagrange equation

(20) 7(m) = f(m) with 7(m)=Am + |Vm|*m,
the tension field, and
(21) f(m)=(1-mom) (2 ( _VV.’:;’ ) + 7:2363>

which constitutes an L? perturbation of the harmonic map equation. A modification
of Hélein’s regularity argument [23] (see below) then guarantees continuity and
smoothness of m. O

Remark 1. Adopting the notation from [47], the Euler-Lagrange equation reads
Am +Q-Vm = f € L*(D;R?)

for @ = m® Vm — Vm ® m and f = f(m) as above. Taking into account

that V- Q = m® f — f ® m € L?(D;s0(3)) we obtain a Hodge decomposition

Q = Va + B for some a € H>N H}(D;s0(3)) and B € L*(D;s0(3) ® R?) with

V - B = 0. Decomposing m = u + v we let v € H(lc,o)(D; R?) solve

Av=f—-Va:Vme LP(D;R?) forall 1<p<?2

so that v € W2P(D;R3) c C%2-2/P(D;R3) by the Calderén-Zygmund inequality
and Morrey’s embedding. After approximation, Poincaré’s lemma yields B = V13
for some 8 € H'(D;s0(3)) with zero mean. Continuity of w then follows from
Wente’s inequality as in [23] Chapter 3.1. Then smoothness of m follows from the
results on semilinear elliptic equations with quadratic growth in the gradient as
established in [34].

Remark 2. The unit disk D may be replaced by the flat two-dimensional torus
T2 _ R2/Z2,

where Dirichlet boundary conditions are replaced by periodic ones. The reasoning
in the proof remains valid under this setting. This torus formulation will be adopted
in Section [4 and Section [f] for the analysis of the large-domain limit.
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3. THE CONFORMAL LIMIT

Keeping the anisotropy constant ¢ > 0 fixed (for convenience, ¢ = 1), the limit
A — 0 is referred to as the conformal limit. This regime represents a manifesta-
tion of the bubbling phenomenon for Palais—Smale-type sequences associated with
harmonic-type systems, as analyzed in [I0} [46] 38, 29]. Let m) denote a family of
local minimizers of Fy = Ey; provided by Theorem In the regime A < 1, a
bubbling analysis shows that the maps m ) approach a degree-one harmonic profile.
The subsequent analysis examines the asymptotic behavior of the total energy and
its individual components in this limit.

Lemma 3. We have

|Vm,\|2

lim / |m37)\|2d3: =0 and lim E)(m)) = lim dx = 4.
A—=0 Jp A—=0

A—=0 Jp

Proof. The lower and upper energy bounds established earlier imply that
1
E,\(m,\) 247T—|—O(/\2), 5/ \me|2da::47r+(9(/\2),
D
as A — 0. A scaling argument combined with Young’s inequality yields

1
(22) /m%Ade—)\/mg,A(V-m,\)deC)\Q—&—f/m%Adx,
D D 2/p 7

which implies
/ m;/\ dz = O(\?), )\/ ma (V-my)dz = O(\?),
D D

as A — 0. Indeed, defining my r(z) := my(R™'z) for R < 1 and extending it
constantly outside Dpg, estimate follows directly from the fact that the one-
sided derivative of Ex(my r) at R =1 is non-positive. This proves the claim. O

For critical points m, the tension field (cf. (20)) satisfies

I(m)[[Z2 < XIVmlZz + [Ims]|7.

A standard small-energy regularity argument shows that there exists g > 0 such
that if m € H*(D;S?) satisfies
va||L2(DRﬂD) S (50 and T(m) S 1127

then .
/ V2mf? de S = Vm? + |r(m) da.
DR/QmD R DrND

Indeed, choosing a cutoff function n € C(Dg) with n = 1 on Dg/; ND and
|Vn| < 1/R, and using Am = —|Vm|?*m + 7(m), we obtain

/ A2 de < / Vmnlt? + |r(m)|2? de,
DrND DgrND

from which the estimate follows via Ladyzhenskaya’s interpolation inequality and
integration by parts. Defining the blow-up scale

Ry = sup{p>0:sup/ \Vm;fdacgég},
z€D J D, (z)ND

concentration occurs:
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Lemma 4. Ry —+ 0as A — 0.

Proof. Indeed, if Ry did not converge to zero, then mj would remain regular at
a uniform scale, and by the small-energy regularity estimate, we could extract a
strong H' limit with constant Dirichlet boundary values, contradicting the non-
trivial energy [p [Vmy|? ~ 4. O

Now let Ay — 0. From the definition of Ry = R),, there exists a sequence
xr = xy, € D such that, for my = m,,,

62
/ |Vmy|?dz > 2.
Dr,, (z)ND 2

Bubbling near the boundary is possible only if (cf. [29])
dist(a:k, 8@) — 0 and Rk/dist(l‘k, 6D) — 0.

Otherwise one would obtain a nontrivial smooth harmonic map on a half-plane
with constant boundary, which is impossible. Moreover, bubbling analysis results
in [I0] [46] [38] guarantee energy decay and no-neck behavior in the intermediate
region centered at xj:

(23) lim lim lim |V | dz = 0
p—0 L—o00 k—o0 (Dp\DRkL)mD

and

(24) lim lim lim osc<mk; (D, \ Dr,1) N D) =0.

p—0 L—o00 k—o0

Consequently, in the blow-up coordinates y — my(zx + Rry), one can extract a
nontrivial harmonic map h € HZ (R?;S?) capturing the bubble, while the original
maps my, converge weakly to the constant map mg = (¢, 0) away from the bubbling
point. According to the energy decouples as

lim / |Vmy |2 da :/ |Vh\2dx+/ |Vimg|? de,
k—o0 D R2 D
and the no-neck condition ensures h(oo) = (¢, 0).

For minimizers m . obtained in Theorem |I| we obtain the following result:

Theorem 2. Fix £ > 0 and let \; — 0. Then there exist scales R; — 0 and points
x € D such that the rescaled maps

up(z) = my, o (Rex + i)
satisfy, up to a subsequence,

up — h in HE (R*%S?),
for some harmonic map h of unit degree with

h(c0) = (¢,0) € S! x {0}.
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4., ENERGY GAP FOR ANISOTROPIC HARMONIC MAPS

To exclude potential boundary effects, the discussion is restricted henceforth
to maps m : T2 — S? defined on the flat torus T2, where Theorem [I| remains
applicable. The focus is on the large-domain regime ¢ < 1, with A small but non-
zero. This setting motivates the introduction of the effective easy-plane functional

1
(25) Ex(m) = 3 |Vm|? — A2(V -m)? da,
TZ
defined for horizontal fields m = (mq,ms). By an argument analogous to that in

, this functional provides an e-independent lower bound for the full energy,
(26) Ex(m) < Ex(m),

and thus constitutes a natural candidate for the I'-limit of E . as ¢ —+ 0. The
precise relation between E) . and E will be established in Section

The present section concerns the analysis of critical points m of Ey in H!(T?;S!).
Owing to the anisotropic dependence on the gradient, such maps will be referred
to as anisotropic harmonic maps. These maps do not arise from a simple change
of metric. In analogy with the classical case, it will be shown that anisotropic
harmonic maps possessing sufficiently small energy are necessarily trivial, thereby
establishing an energy gap.

By variation in the direction of the admissible tangent field ¥» = m*n for n €
H' N L>(T?), we obtain
(27) 0= / (- Vm) - Vi + A2V - m)(V - m )y + X2V - m)(m* - V) da
T2

Similarly to the harmonic map case, the current
mt - Vm= m1Vme — maVmy

reduces to a phase gradient V¢ provided there exists a lift m = e’?. The existence
of such a lift follows from a topological argument once the energy of m is sufficiently
small.

Lemma 5. Let m € H(T?;S!) satisfy

|Vm|*dz < 472
T2

Then there exists ¢ € H'(T?) such that m = e'?.

Proof. Without loss of generality, we may assume m € C°°(T?;S!) by a standard
approximation argument at the critical exponent, see for instance [49], and the
compactness of T?. For maps T? ~ S! x S! — S!, the homotopy classes [S? x
St; S ~ Z2 can be identified via k = deg (Mmg1 5 401) and € = deg (m[y, y.q1) for
some Zg,yo € S'. Note that M|s1x {yo} s homotopic to m|siyy,y for any y € St,
and similarly for the first component. Moreover,

/|Vm|2dx:/ |(’“)wm|2dx—|—/ |0, m|* dz
T2 T2 T2

> 4r?(k* + £2),
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where we used the one-dimensional lower bound for the degree on each circle. In
particular, k = ¢ = 0. Let us consider the 1-form n = —im~'dm. By the Hodge
decomposition on T2, we can write

n=d¢+d*y + h,

where ¢ is a smooth 0-form, 1 is a smooth 2-form, and A is a harmonic 1-form. We
may further assume that [ ¢ dz = 0. Note that h is constant and the corresponding
function to v is harmonic and therefore constant, since m~'Vm is curl-free, i.e.
n=d¢ + h. Using deg (mlg1, (,,3) = deg (m|, ;xs1) = 0, we obtain

/ nds = / nds = 0.
Stx{yo} {wo} xSt

and hence h = 0. Therefore ) = d¢, which implies d (e~?*m) = 0 and in particular

the claim. O
Substituting m = €'® and n = ¢ into yields
(28) [ 190P do < (14 o) [ Vo da.
T2 T2

To establish the energy gap, it remains to control ¢ pointwisely. It is natural to
consider the function space

H'(T%8Y) N Hgo(T?\ {0};8Y),
in which critical points satisfy the equation

(29) Am + |Vm|*m — \? (V(V -m) — [V(V -m) - m] m) =0 in T?\ {0}.

The higher regularity away from the origin allows to follow the approach of Sacks
and Uhlenbeck [48]: first, small-energy regularity is established away from 0; second,
a Pohozaev identity is derived; finally, a growth estimate for the Dirichlet energy
of ¢ is obtained. Since |V¢| = |Vm/, it suffices to perform this analysis directly in
terms of m.

Lemma 6 (Small-energy regularity). Let m € H'(T?;S')n HE (T?\ {0};S*) be a
critical point of Ex. There exist constants Ag,d > 0 such that, if [[Vm||z2p2) <6
and 0 < |\| < Ag, then for every R > 0 with Dog C T2\ {0},

R%sup |Vm|? < c/ |Vm|? da.
D D2gr

R

Proof. By a standard scaling argument, it suffices to consider R = 1. Let n €
C°(Dy) satisfy n = 1 on Dq. Testing the Euler-Lagrange equation for m with
(Am)n? yields

/ \Am|2n2dx§c/ |Vm|4772da:—|—c)\2/ |V2m|? n? dz.
Do Do Do

Applying Ladyzhenskaya’s interpolation inequality,

/ |Vm|*n?dz < ¢ (/ |Vm|? dx) (/ |V2m|? n? dz +/ |Vm|2|V77|2dx> )
Do Do Do Do

and integrating by parts,

/ IV2m|?n? do < c/ |Am|? n? d:v+c/ |Vm|?|Vn|? da.
Do D> Do
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Hence, for sufficiently small § and Ag,
(30) / |V2m|? n?dz < c/ IVm|2(n* + |Vn|?) da.
D2 D2

Differentiating the Euler-Lagrange equation, testing with V(Am)n?, and esti-
mating similarly, one obtains

/ IV(Am)|2n*dz < / (\Vm|4 +|V2m|* + |Vm\6)774 dx + )\2/ |V3m|? nt d.
Do Do D>

Applying Ladyzhenskaya’s interpolation inequality together with leads to

/ |V3m|2n*dx < / |Vm|? da.
D2 D2
Finally, the continuous embedding W21 (R?) — C°(R?) implies the uniform bound
on |Vm| in Dj. O
The result transfers to the annulus:

Lemma 7. Let m € H(T%S*) N HE (T2 \ {0};S') be a critical point of E) with
[Vm||p2¢r2y <0 and 0 < |A] < Ag. Then there exists a constant ¢ > 0 such that

of? [Vm(a)? < c Vmf? dy
Do) \D |2

4

for every x € T? \ {0}.

Proof. By Morrey’s embedding theorem, m € Cp;7 (T2 \ {0};S!) for any v € (0,1).
The annulus Ds, \ D, /5 can be covered by finitely many disks of radius r/4. Ap-
plying Lemma [6] on each disk and taking the supremum over the annulus yields

r?sup|Vm[? <r? sup |Vm]? < c/ |Vm|? da,
0Dy D2y \D,. /2 Dar\D; 4

which establishes the claim. O

Proposition 2 (Pohozaev identity). Let m € H*(T?;S')n HZ _(T?\ {0};S!) be a
critical point of Ey with ||[Vm/| 2 < § and 0 < |A| < Ag. Then, for every R > 0,

om|>  |om| 9 om om

Proof. Consider the energy density

ov

ex(m) = (TP — 2 (v )2
AT 2
and the associated stress tensor
Top(m) = ex(m)dap — Oam - Ogm + A(V -m) OgMa,
which satisfies tr T(m) = 0. Note that T(m) € Wb (T2 \ {0}; R2*?) and
00T ap(m) = Vm -V (dgm) — N2(V-m) V- (9gm) — Am - dgm
—Vm - V(9sm) + N*V(V -m) - dgm + A2(V -m) V - (9gm)
= —Am-9dgm + N*V(V -m) - 9gm = 0,
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for B =1,2 in T2\ {0}, where the last equality follows from and the fact that
Ogm L m.
Integrating the identity

Oa(Tap(m)zg) = trT(m) =0
over the annulus Dy \ D, for R > r > 0 yields
R VoToprgds — r/ Vo Toprgds = 0.
ODg oD,
By Lemma, [7] we have

r / voThprp ds
aD,

<er? sup [Vm|? < c/ |Vm|?dz — 0
Dy

|z|=r
asr — 0.
Finally, observing that

2
au
together with the decomposition
|Vm|? =10, m|* + |0;m|?, V-m=(0,m-v)+ (0;m-1),
completes the proof. O

1
Vo Tupvp = §|Vm|2 — = (V-m)? = 0,m|* + N2(V-m)(0,m - v),

Lemma 8. Let m € H'(T?%S") N HE .(T? \ {0};S') be a critical point of Ej.
Then there exist §, \¢g > 0 and v € (0,1) depending only on 4, A\g such that for
IVm|r2 < 6 and every 0 < |A| < Ao,

/ |Vm|? da Sr”/ |Vm|? da
D, )

forall0 <r < 1.

Proof. The argument proceeds by constructing a radially symmetric harmonic re-
placement of m, following the strategy of Sacks and Uhlenbeck [48]. For dyadic
annuli

A = A(27k, 27k+1) = Dy—s+1 \ Dy

we define a radially symmetric harmonic replacement h by prescribing the mean
values

h(27F) = ][ mds, Ah=01in A, h radial.
oD,

As in [48] proof of Theorem 3.6, one obtains
(32) [l = hll Lo ay) < ellVmll g2,y < €0,

where Aj, = A(27%~1,275+2) The H'-distance can be bounded via

/DV(m_h)|2d$:g/@Ak(m_h)'5umds—’§;/4k(m—h)-Amdx.

For every k € N, by the definition of h we have

/aD, (m—h)~h'ds:/ (m —h)ds -1 =0.

OD, i
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Therefore, we conclude

-0,
Z/()Dmh mds

since by (32)) and Lemma m

/ (m—h)-0,mds
8D,_n

92— k+1

— [ m=1)-0,mas,

r=2-k st

< 27N |lm = Bl L (op,_n) IVl Lo 0,

< c/ |Vm|?dz — 0
Ay
for N — oo. Using (29)), we obtain

/,4k(m —h) - Amdr= —/ (m — h) - (|[Vm|*m) da

Ay
+)\2/ (m—nh)-V(V-m)dzx
Ag
- A /Ak((m —h)-m)(V(V-m)-m)dz.
With ||m — h||p~ < ¢d, we have
/ (m — h) - (IVm[2m) da
Ag

The remaining terms can be estimated via integration by parts

/ (m—h)~V(V-m)dx:/ ((m—=h)-v)(V-m)dzx
Ay

Ay

< cé/ |Vm|?d.
Ag

—/ V- (m—h)(V- -m)dx
Ay

and therefore
Z/ V(V- mdx</|m h||0,m|ds
Ay

+*/ IV(m — h)|? + |Vm|*dz.
2 Jp

The nonlinear term is analogous. Therefore, we have

/DIV(m — h))Pdz < (1 + eX?) (/Sl jm — h|2ds>; (/Sl |aym|2d3>;

+c(8 + \?) / |Vm|?de.
D

Using the Poincaré inequality on S' and Young’s inequality, we infer

3 3
</ |m — h|2ds) (/ |8Vm|2ds) < 7/ |Vm|?ds.
St St 2 St

Now, d-h = 0, together with Pohozaev’s identity for Ey, implies

/|Vm|2d:c§ (2+c/\2)/ |0,m|?dx < (2+c)\2)/ |V (m — h)|*d.
D D D

—N)

17
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Therefore, in particular,
(1—c(6+ )\2))/ |Vm|?de < (1 + c)\z)/ |Vm|?ds.
D st

Setting

1—c(6+M2)
= 1
’y 1+CA% e (07 )7

and applying a standard scaling argument, we obtain

’y/ |Vm/|?da < r/ |Vm|?ds,
D,

T T

which integrates to the desired inequality. ([

By Morrey’s Dirichlet growth lemma for ¢ we conclude that ¢ € C%2 with, in
particular,

6= 6O~ < [ [VmPde < o2
D
for some constant ¢ > 0. For 8, A\g > 0 sufficiently small, forces V¢ = 0, hence
¢ = ¢o. This proves Theorem

Theorem 3. Let m € H'(T?%S") N HE (T?\ {0};S') be a critical point of Ej.
There exist Ag,d > 0 such that, if |[Vm|r2 < d and 0 < |A| < Ag, then m = ¢ for
some constant ¢ € St

5. THE LARGE-DOMAIN LIMIT

We fix A and consider the limits of m ., minimizer from Theorem [I| with D
replaced by T2, as ¢ — 0, obtaining bimeron configurations on R2.

Theorem 4. Let 0 < |[A] < A\g < 1 be fixed, and let e, — 0 as k — oo. There
exist scales Ry — 0 and points 3, € T? such that the rescaled maps

up(z) = my ¢, (ka + xk)
satisfy, up to a subsequence,
up — m in H2 . (R*S?),
and, for some &g > 0, the limit m € H*(R?;S?) is a unit-degree critical point of
1 9 m3s 1 [(mg 2
./R? §|Vm| —l—)\(V-m)g—ki (Eo> dz.

5.1. Small energy regularity. We adopt the notation e.(m) = ep .(m), where

1 ms\ 2
. =2 (|Vm|? <7> ,
e(m) 5 <| ml|° + .
so that, including the DMI term (3)), the density of the full energy is

e)\’s(m) = eg(m) + geDMI(m).
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Proposition 3. There exist positive constants g, dg, and C such that if

/ e-(m)de <52
Dr

for some R > 0 and m is a critical point of Ey . with 0 < |[A| < Ao, then for k = 1,2
vk 2
RQk/ |V’“+1m|2 + % dr < C e<(m) dx,
Dpgya € Dr
and in particular
sup e.(m) < C ec(m) dx.
Drya Dr

The bounds are independent of €, and by scaling, they are also independent of
R. The proof strategy follows the standard argument based on Schoen’s trick [50],
starting from higher-order energy estimates of the form

(33) / e<(V*m) de/ e«(Vm) dx+/ ec(m) dz,ﬁ/ e(m)dex,
Dry4 Dry2 Dry2 Dgr

with constants depending only on R and supp, e.(m). These estimates are ob-
tained by testing the Euler-Lagrange equation with n2Am and V- (2°VAm),
respectively, where 7 is a smooth cut-off function. The exchange and anisotropy
terms are handled via integration by parts together with Young’s inequality. The
key is to absorb the highest—order terms in the perturbative bounds for the DMI
contributions in

() = (1= m em) (70 ) = (ST 2o,

V-m V - m — 2eppmr(m)ms
which is possible for small enough |A| as the following lemma shows:

Lemma 9. For any smooth m and compactly supported 7,

! / h(m)Amn?dz| < / <|V2m|2 + |[Vm|* + 12Vm3|2> n* dx
DR DR £

1

+/ <|Vm|2 + 2m§> |Vn|? da

Dg €

£
2 2
5/ (VAm|2+V sl )nde
Dg €
2
+/ (%2) (9mf* + [92m?) n? de
Dr N €

+/ V2|2 V2 da.
Dgr

and
1

s Vh(m)-VAmn®dz

Dr

Proof. Integration by parts gives

/ h(m)Amn*dz = — Vms (Am + VV -m)n? dz — 2/ (Vmg - Vn)(V -m)ndz
Dgr

DR DR

+2 m3(V -m)|Vm|*n* dz + mz(m - V)(|Vm[*n?) dz.
Dr Dgr
Young’s inequality implies the first claim. The second claim follows similarly. O
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Proof of Proposition[3 Using the local H2-bounds for Vm and for ms /e provided
by , we deduce a pointwise bound for e.(m) and, in turn, obtain a homogeneous
version of the H?-bounds as claimed. By rescaling = and ¢, it suffices to consider
the case R = 1.

Let m be a critical point of E) . with [A| < A\ and

/ ee(m)dz < 82,
D,
for some &y to be chosen later. By continuity there exists p € [0, 1) such that

(1= supem) = e (- swpe.(m)]

o

We define ey = supp, e-(m), which is attained at some zq € D, and claim that
for sufficiently small §y, we have

(1—p)leg < 1.
If this does not hold, we proceed by defining the rescaled map

(o) = m (0 + }) Ceumee) = eclm) (n + \F) -

Then, we have e /z-(u)(0) =1 and supp, , € /e (u) < 4 as in [50, IT].
Now, applies to w with R = 1/2 and the modified ¢, and Sobolev embedding
H2 (Dl/S) — Loo(Dl/s) lmphes

1=-e/e:(u)(0) < c/ e<(m)dx < cdg,
Dy

which is a contradiction for sufficiently small ;. O

5.2. The far field. Let m) . be a minimizer of

E)\,E(m) = /11‘2 ez\,a(m) dz

in the topological class deg = —1. Consider a sequence €, — 0 and set my, 1= m) .,
such that
my, — m  weakly in H*(T?%S?).

Note that the out-of-plane component vanishes in the limit,
/2m§,k§ceiﬁ() as k — oo,
T
and the Dirichlet energy is uniformly bounded,
/1r2 |Vmy,|? < 4n(1 4 cA?) < 8.

By the same argument as in Theorem [1f (see Theorem E.1 in [7] and Lemma 4.3
in [42]), we have, weakly-+ as measures,

1 1
§|mG\2 — > §|Vm|2 + 4mdo, w(my) — —4rdy
for some measure p. Therefore, for any fixed p > 0,

k—o00

1
lim sup f/ |Vmy |2 dz < e)?.
T2\D,
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Write my, = (my, ms ), m = (m,0), and define vy := mg /ey € L*(T?). Using
Proposition [3| and covering T2 \ D, by disks of radius p/2, we obtain, for j = 1,2,

p%'/ V9 2 + [V 2 da < © Vmal® + o2 da.

T2\D, T2\D,, 5

Thus, up to a subsequence,

myp —m in HY(T%SHNHE (T?\{0};S!), v, — v in L2(THNHZ . (T?\{0}).

Testing the Euler-Lagrange equation for my with
_m]% 00 (12
'lb: 0 m, necc (T \DP)’
and passing to the limit k — oo yields
/ (Vm -mt) - Vn— ANVov-mb)ndz = 0.
’]I‘2

Hence, m € H*(T? \ D,;S") solves
(34) (Am +AVv) -m* =0 in T?\ D,.
Similarly, testing with
Y=ewmeés, ne€CT(T*\D,),
and passing to the limit k& — oo shows that v is determined by m, leading to a
coupled system. Therefore, m solves in D'(T?\ {0}).

To extend m to a weak solution on all of T2, we use a logarithmic cut-off function
to approximate test functions away from the singular point [19} 24 []:

Lemma 10. Let m € H'(T?S') N HZ.(T? \ {0}) be a solution to in D'(T?\
{0}). Then m solves in D'(T?).

Proof. Let 1 € H' N L>(T? R?) and let 7, be a logarithmic cut-off function with
1, — 1 pointwise and ||Vn,||r2 — 0 as p — 0. Testing with 7,9 and taking
the limit p — 0 gives the result. (]

By Theorem [3] and Proposition [3] we conclude:

Proposition 4. For any sequence (my) of minimizers of E ., in the topological
class deg = —1 with ¢, — 0, there exists ¢ € S such that, up to a subsequence, for
every p > 0,

lim [l — (¢, 0)||(2\p,) = 0.

5.3. Asymptotic scaling of the core radius. Let m) . be a minimizer of

Ey:(m)= /T2 exe(m)dx

in the topological class deg = —1. As before, we define the core radius
Rye = sup{p >0: sup / ee(my)de < 58}
z€T? J D, (x)

where Jy is taken from Proposition [3] We track points x . such that

52
(35) 50 < / ec(my o) dx < 63.
Dr, .(®xc)
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Without loss of generality, assume x) . = 0 and define the blow-up map

(36) Uxe(2) :=my (R ).
Proposition 5. There exists A\g > 0 such that, for every 0 < |\| < Ay,
R
lim inf =< > 0.
e—0 £

Proof. Suppose there exists a sequence €5, — 0 such that for Ry := Ry,
Ry,
Ek

— 0.

Let my := m) ., and uy, the corresponding blow-up map . Then uy, is bounded
in leoc(RQ;S2), and Ry — 0. Up to a subsequence, there exists a limit map
u € H*(R?S?) with uy — w weakly in H2_(R?S?) and strongly in H{  (R?%S?).
The rescaled equation reads

R —Vu —Vu
Auy, + |VugPuy, + Aa:(( v. i:) - ( ( . 3’k> -uk)uk)

Ry \”
+ () (ug)]fég — ug)kuk) =0.
€k
By the uniform H? bounds, the limit u : R? — S? is harmonic with Dirichlet energy
lim lim ey =k (ug)dz < limsup/ exe,(Mmy) < 4w (1 —c(N)
L—ook—oo Jp, "7k k—oo JT2

where we used the non-negativity of the energy density and Proposition [I] which
holds true on a torus. By the energy gap property (cf. e.g. [6]), w must be constant.
This contradicts

1 52
7/ |Vu|>dz = lim ee(my)dz > 2
2 D1(0) k—o00 Dr, (0) 2
proving the claim. (Il

Proposition 6. There exists A\g > 0 such that, for every 0 < |\ < Ay,
R
lim sup 2 <ol
e—0 3

Proof. Assume by contradiction that the claim fails. Then there exist sequences
(Aj)jen and (ex)ren with A\; — 0 and e — 0 such that

R,
(37) lim —2M% — oo forall j € N.
k—oo  Ef
We set Rj = R\, ¢, and let m;; be the corresponding minimizers. We first

claim that limy_,o R;r = 0 for every j € N. For otherwise Proposition |§| implies
strong H'(T?) compactness of (m;x)ken with limits m; = (m;,0) contradicting
degm; , = —1 for every k € N. Hence we consider blow-up sequences
w; k(1) = my (R )
satisfying
1

(38) 3 ), [l sl dy <



BUBBLING ANALYSIS OF BIMERON CONFIGURATIONS 23

for all z € R? and

1 5
(39) 5/ Vil + o ef* dz > 2
D4 (0)
where .
Un s
Vjk 1= jjk and g = R—k —0 as k— .
J.k .k

In view of , Proposition |3| implies strong subconvergence

Uj | — Uj = (Uj,O) and Vjk — Uj

in H2_ and H._, respectively, such that
/ V2, 4+ Vo, Pdy < C [ [Vayl? + 03 dy.
Dl/Z(I) Dy (x)
for every x € R%. Moreover,
1 1
(40) —V - (V- uy) = AV, - uj .
Note that by and Proposition
1 2 2 . 4
= |Vui|* +vide <limsup | e, (mjx)de < .
2 Jre k—oo JT2 ’ I |)\j‘
Moreover, a scaling argument (as in the derivation of (22)) yields
(41) / U?dxgc)\?/ (V-u;)?de =0 asj— oo.
R2 R2

Passing to the limit in we obtain a harmonic map v : R?2 — S! of finite energy,
hence u is constant. The local strong H' convergence and contradict . O

5.4. Energy decay in the neck domain.

Lemma 11. Let (¥y)ren be a sequence of harmonic maps with deg ¥, = —1 given
by
U, ()= 242k~ ak ,
z 4z + ax
where z, € C and ap > 0. Assume that for some sequence Ry — 0,
A . oag
lim — = lim — = .
M R, To€ 0ol g =a e (000)
Then, for every fixed p > 0,
1
lim lim i\v\pkﬁ dz = 0.

L—o00 k—oc0 Dp\DRkL

Proof. Define \112 = <I>(Z_“’“ ) A direct computation yields

z+ay

1 4, 2
s vepra- [ M
2 D, (zk) Dy (zk) (|2 +ak)

Setting a = ax and zy = zi, consider the integral

4a?
I = ———dz.
(r20) /m(zo) (2 a2 &
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Since Aln(|z]? + a?) = ﬁ, the divergence theorem gives

2 — 4 2 0+2
I(r,z0) = / GAR R P r/ || cos 0+ 2r dé.
oD, (z0) |2|* + a? r _x T2+ |20|2 + 27]20| cos 6 + a?

Using the identity

T de 2m
= A>|B
/ﬂ.A—i-BCOSQ A2 — B2’ 1B,

with A = r? + |20|? + a® and B = 2r|z|, one obtains

I(r,20) = 2 <1+ r? — |z — a? )
- V(@ +(r = Tz0)%)(@® + (r + [0])%) )

Hence,

k—o0

1
lim 7/ VW2 dz = 47,
2 /p,

and

.1 9 L? —s? —a?
lim = [V®,|“dz =271+ :
5002 Sy, V@ L)@+ L+
The last expression converges to 4w as L — oo, which establishes the claim. ([
The following conclusion rests crucially on quantitative rigidity.
Lemma 12. There exists A\g > 0 such that, for all 0 < |A| < Ag, there is a sequence

er — 0 satisfying

lim lim lim |Vm,|2de < eA?,
p—0 L—o00 k—o0 Dp\DRkL

for some constant ¢ > 0, where R, = R,, .
Proof. Fix p > 0. By the results of Section the sequence (my) satisfies
my — (¢,0) weakly in H'(T?;S?) and strongly in H*(T?\ D,;S?),
while, in the sense of measures,
LVmy|? = p > 4rdy, and  w(my) — —4ndo.

Assume that
2

A
Vmy[2de < —— — (¢,0)|| < i
AR LS CUIPRESES

for all sufficiently large k. Introduce the auxiliary map

et n@)mae) — o
mk(:c) = | — s

¢+ n(z)(mi(z) — c)|
where ¢ = (¢,0) and n € C°(D,,) satisfiessn=1on D,, 0 <n <1, and [|Vn|[re S
p~'. The map my, € H'(R?;S?) has degmy, = —1. By ([7)), there exists a harmonic
map ¥, € H'(R?; S?) with deg ¥}, = —1 such that

1
(42) / |V, — V¥ |2 dz < c</ |V |2dx — 47r> < el
R2 2 R2
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Consequently,

/ |Vmy |2de < cA? +/ |V, [2dz.
Do\Dr, Do\Drg,

The map my, satisfies

2
/ Vi 2de < c/ ('m’“zc' + |mG|2) do < e
D2, \D, D2, \D, p [In Al

=2 2 2
m m A
:;’k dx < ?;k de < 5
Ds,\D, € Dy, \D, € |In Al
2p\ P k 20\ P k

_ A2
/11%2 exe, (Mg )dr < /1r2 exe, (Mmy)dz + CW.

Combining this bound with the upper energy estimate from Subsection [2.1] Propo-
sition 5.4 of [9] implies that

(cos By +sin i) (2 + 21) — ax(cos B — sin fy,)eH(@r+ox)
(cos B — sin 1) (z + 21) + ag(cos By + sin B )eilarter) )7
where the parameters satisfy

and

Therefore,

U (2) = <ei¢k

_ )\Ek )\Ek
(43) ‘ak |ln)\\)§0\ln>\|3/2’

X _c
1Br| < T | < T
AS a consequence,

2
+ zE — ag
W2 = S A ),
/‘V ¢l /V(z+zk+ak>‘ +O<\/|ln)\|)

The error term in the last expression is negligible; therefore, the parameters [y,
ag, and ¢ may be set to zero without loss of generality. Relation , together

with Propositions [5] and |§|, implies = — a > 0.

To apply Lemma suppose for contradiction that % — 00. Then Lemma
yields

1 / , R2L?
- V0, [2de = dm—h
2 Dr, r(2x) RzL2 + CL%

and consequently

L—o0 k—o0

1
lim lim 7/ |V, |2 dz = 4.
Dr, r.(21)

For |z;| < p, the inclusion Dg, 1 (zx) C T? \ Dg,1(0) holds, and therefore

1 1
f/ |Vmg|?dz < f/ (Vm?de < 4r(1+eA?) — % <dn— %
2 Dr, r.(2x) 2 T2\DRr,, L
for Ag > 0 sufficiently small. It follows that
. . 52
Jim - limo V¥ = VL2 (Dp, () 2 505
which contradicts . Hence, the assertion follows. O

The decay of the neck energy established in Lemma [I2] ensures compactness of
the rescaled sequence and precludes the loss of degree through the neck region.
This property permits passage to the limit and the proof of Theorem [4
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Proof of Theorem[j Up to a subsequence, the blow-up maps uj, converge weakly
in Hfoc to a limit m. Propositions |5[ and |§| imply that for a subsequence

€k
— — g0 >0.
R, "

Analogously to the argument in Proposition [5] the limit map m is a critical point
of Ey., on R% Furthermore, the convergence w(my) — —4nd, together with
Lemma, [T2] implies

|degm + 1| < cA?,
and consequently degm = —1 for \y > 0 sufficiently small. a

APPENDIX A. BEHAVIOR ON THE ANNULUS

Let g be defined as in and , and set

(44) ) = — 2D _ 1+ V1 g'(e])?

1— /1= g(z|)? g (lz])
for x € Dy \ Ds. There exists a constant C' > 0 such that

1 r'(|z|) C
< |z|?> and < —
ra =1 r(e)? = TP

for all z € D4 \ DQ.
Indeed, for s € (2,4), the first inequality follows from :

52
() = LEVIT= GO Ltyl-mer 1
r(s) = Z = -
g'(s) =y s
Regarding the derivative, differentiation of yields
14+ /1—g'(s)?
T’(S) — + g (S) //(S)7

T—g()2g(s)”

and consequently,

(1 V) 1
rs) AR (¢1 —g'(s) + 1)2 /9'(s)?
_ 9" (s) <

VTP (VI—gGE 1) f

Lemma 13. Let mp , = ®(ug,,) be constructed as in Subsection Then there
exists a constant C' > 0 such that

(—9"(s))

2
a
‘va,a(fE)F S CW and (mR,a)g(,’l})z S CW

for all z € Dag \ Dp.
Proof. Relation implies, for 7r(s) ;== Rr(#) and R < s < 2R,

TR(s) o1 1 2 1
rr(s)? ™ s2’ rr(s)? 2°
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2
4ADuRal_ and Ura(zr) = u(rR(|ac|)|7“"‘), application of the

Since |Vmp,|* = (+lur,al?)?
TR(|33|)2
(rgux)% 4
r(le i &

chain rule and yields
<C a (‘x|)2 + TR(|x|)2
(re(lz))? 4+ a?)? ||

)
o (rall)? | ra
s o’ <rR<|x>4 * rR<m|>2|x|2> SCEE

The second estimate follows analogously:

| Dul?
(14 [uf?)?
2

|VmR7a|2 <(C—r—-"s=

s (ura@P =02 _ 5 rlla])? a? o
Mpg)3(x) = : <4a <4 <(C—.
.25 = upa@E T2 = Gale)+ @2 = *rr(a = P
The assertion is thus established. [l

APPENDIX B. ENERGY IN COMPLEX COORDINATES

For the lift m = ®(u) it follows from conformality of the stereographic map ®
that

B 4| Dul?
~ (Jur+ 1)

|ul®~1
[u|2+17

|Dm|?

Furthermore, we have m = and mgz =

2u
ImEEs? and, therefore,

B u lu|?> — 1
(V~m)m3—2<V~ |u2+1> lul?2 +1
) {(vu)w —1)  (u? - 1><u-V>|u|2]
(ul? + 1)2 (ul? + 1)?
o (Vew | (Vewlul - (e V(e V)l
- { (IEE S AN (R VR (T +1>3]
(V)

2|u|?u
=2 ———+V .
(lu* +1)? (lul? +1)2

In the second last step we used

(VP ~ @V _ o 1o JuPu
(e N (T Ve (TER S IE

which follows immediately from the product rule and the chain rule

1 |ulu 1 (V- u)lul?
Ve V- ———— =4V
R (e s A (P | PR N I (IERE e
(Y wuf? = (u- V)]uf?

(juP? + 12
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